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Abstract
In this manuscript, the field equations of a chameleon field in which the matter Lagrangian term
is a general function of the scalar field as well as matter field, are derived. The equations are
then expressed in Friedmann–Lemaˆıtre–Robertson–Walker (FLRW) framework and the associated
phase portraits and a power law solution are discussed in details. It is shown that why non-minimal
coupling between the chameleon and matter fields leads to an energy transfer between the fields
which consequently, affects the expansion rate of the universe. The transfer direction is determined
by the second law of thermodynamics. The solution indicates that an accelerating expansion of the
universe can be described as a result of the energy flow from the chameleon field to matter field.
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I. INTRODUCTION
The concordance model of the universe, or namely Lambda–Cold–Dark–Matter (ΛCDM)
model, is in very good agreement with the data obtained from Planck space telescope [1];
data which has provided a very high resolution image of Cosmic Microwave Background
radiation (CMB) [2]. This data, in addition to a wide variety of cosmological observa-
tions such as Baryon Acoustic Oscillations (BAO) [3], Weak Lensing [4], Supernova type
Ia (SNIa) [5, 6], 2dF Galaxy Redshift Survey (2dFGRS) [7] and DEEP2 Redshift Survey [8]
at low and high redshifts respectively, has been used to tune ΛCDM model. Accordingly,
this model implies that the content of our 13.68 billion year old universe is built up of 32%
non–relativistic matter and 68% unknown isotropic and homogeneous distributed matter
with equation of state w = −1, dubbed as dark energy (DE) [9]. Moreover, the universe
turns out to be almost spatially flat, homogeneous and isotropic at its largest scale, and is
recently experiencing an accelerating phase [10].
Although there are different models of DE [11] and even different classifications of it
concerning the equation of state [12], other alternatives to general relativity (GR) are widely
discussed in the literature in order to explain the nature of the late time cosmic acceleration.
Among them, the scalar–tensor theories of gravitation, as extensions of Brans–Dicke (BD)
theory of gravitation, are the most well–known. These theories non–minimally couple a
scalar field to the Einstein–Hilbert Lagrangian, to preserve the Mach principle. BD theory
of gravitation mainly suffers to bring about a fine match with the observations in the solar
system, within plausible value of its parameter [13]. Other modifications of GR concern, for
instance, the replacement of the scalar field with functions of other scalars engaged in the
theory, such as f(R) [14], f(T ) [15] and f(G) [16], where R, T and G are the Ricci scalar,
the torsion scalar and the Gauss–Bonnet term, respectively. These latter alternatives to
GR are capable of explaining the inflation phase and the late time acceleration in a unified
manner.
The chameleon theory of gravitation [17], as another modification to GR, mainly differs
from BD theory in that the scalar field is non–minimally coupled to matter field. In other
words, the matter Lagrangian density depends on the scalar field as well as matter field and
the metric. This allows the chameleon field to couple to the matter much stronger than
gravity does and consequently making this kind of theory capable of being in agreement
with observational constraints [18].
In this manuscript, we investigate a chameleon theory which allows the scalar field to
couple with both gravity and matter, which has been called the chameleonic generalized
Brans-Dicke model (CGBD) [19], as an integration of both the chameleon and BD theories.
In Section 2, rather than choosing a specified form of the matter Lagrangian term to explain
the cosmic acceleration or other observational data, the most general form of Lagrangian [21]
is considered and the corresponding field equations are presented. Section 3 briefly provides
the form of these equations in the Friedmann–Lemaˆıtre–Robertson–Walker (FLRW) frame-
work and also their associated phase portraits. In most of studied chameleon models, a
specific choice of matter Lagrangian term enables one to easily solve the resulting field
equations. This is the aim of Section 4 wherein a particular power law solution is provided.
Finally, a conclusion is summarized in Section 5.
II. GENERAL FIELD EQUATIONS
Following the pioneer paper of Brans and Dicke [22], the BD Lagrangian is
I =
∫
d4x
√−g(φR + Lm − ωφ,aφ,
a
φ
) , (1)
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where ω is a positive constant. Dimensional analysis leads one to interpret
φ ∝ 1
Geff
, (2)
in the context of standard cosmology. In addition, the matter Lagrangian density, is assumed
to be only a function of matter field and the metric and independent of the field φ. Varying
the Lagrangian with respect to the metric and the scalar field, and combining the results,
the corresponding field equations become:
Rab − 1
2
gabR =
8pi
φ
Tab +
ω
φ2
(
φ,aφ,b − 1
2
gabφ,cφ,
c
)
+
1
φ
(φ,a;b − gabφ,c;c) , (3)
Tab;
b = 0 (4)
and
φ,a;
a =
8pi
3 + 2ω
T . (5)
On the other hand, and as stated before, in a simple chameleon model, the Lagrangian is
identical to the BD Lagrangian (1), except it is assumed that the term containing the matter
Lagrangian density is also a function of φ. Accordingly, one can consider the Lagrangian:
I =
∫
d4x
√−g(φR + f(φ)Lm − ωφ,aφ,
a
φ
) , (6)
which, for instance, has been studied as CGBD model in [19] and [20]. Herein, we do not
restrict the matter Lagrangian term to be separable for matter and the scalar field, as it is
in (6), and write down the Lagrangian as:
I =
∫
d4x
√−g(φR + Lm(φ)− ωφ,aφ,
a
φ
) , (7)
where Lm is a function of the field φ as well as matter field and the metric. This as-
sumption results in a modification of the field equations, (3), (4) and (5), to the following
equations respectively, namely,
Rab − 1
2
gabR =
8pi
φ
Tab +
ω
φ2
(
φ,aφ,b − 1
2
gabφ,cφ,
c
)
+
1
φ
(φ,a;b − gabφ,c;c) , (8)
Tab;
b =
1
2
Sφ,a (9)
and
φ,a;
a =
8pi
3 + 2ω
(T − φS) , (10)
where S is defined as
S ≡ 1√−g
δLm
δφ
. (11)
These equations are the general field equations of this theory. However, to have a specific
solution, one has to apply the boundary conditions and/or symmetries to the field equations.
In the next section the specific forms of these equations in the cosmological framework are
derived.
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III. CHAMELEON FIELD IN FLRW FRAMEWORK
III.1. Field Equations
The cosmological principle states that, in the universe when viewed on sufficiently large
scales, there is no preferred place or direction in space. In other words, the universe can be
approximated as homogeneous and isotropic in large scales. This principle is in accordance
with the large scale observational evidences and can be applied to all alternatives to GR.
Following the cosmological principle, the FLRW metric, namely
ds2 = −dt2 + a2(t)
(
dr2
1− kr2 + r
2dΩ2
)
, (12)
is the metric best applicable to these scales in the universe, for in this frame all variables
can be regarded as a function of cosmic time only. The observational evidences [23] also
convince one to assume spatial flatness of the universe in this frame. In addition, the matter
field is considered to be perfect fluid with the equation of state
p = (γ − 1)ρ . (13)
The field equations (8) to (10) in this framework, after some mathematical manipulations,
are simplified to (
a˙
a
)2
=
8pi
3φ
ρ+
ω
6
(
φ˙
φ
)2
− a˙
a
φ˙
φ
, (14)
a¨
a
= −8pi
3φ
[
ρ
(
3 + ω
3 + 2ω
)
+ 3p
(
ω
3 + 2ω
)]
− ω
3
(
φ˙
φ
)2
+
a˙
a
φ˙
φ
+
4pi
3 + 2ω
S , (15)
φ¨
φ
+ 3
a˙
a
φ˙
φ
=
8pi
(3 + 2ω)φ
(ρ− 3p)− 8pi
3 + 2ω
S (16)
and
ρ˙+ 3γ
a˙
a
ρ =
1
2
Sφ˙ , (17)
where over–dot denotes derivation with respect to cosmic time t.
Defining
ρφ ≡ ωφ˙
2
16piφ
(18)
lets one rewrite equation (10) in the following form
ρ˙φ + 6
a˙
a
ρφ = − 1
16pi
Rφ˙− 1
2
Sφ˙ , (19)
which is similar to the Brans–Dicke scalar field equation except for the second term on the
right hand–side.
Equations (17) and (19) show that the densities ρ and ρφ are not conserved. In other
words, if one considers the general form of the continuity equation for an hypothetical
quantity density ρ, that is
ρ˙+ 3γ
a˙
a
ρ = Σ (20)
then Σ = 0 denotes a conserved quantity, and Σ > 0 (Σ < 0) corresponds to cre-
ation(annihilation) of the quantity related to the ρ.
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A comparison between equations (17) and (20) shows that the term Sφ˙
2
is behaving like Σ
in equation (20), and hence, is playing the role the source or sink for the energy density of
the scalar field which results in an energy transfer between the scalar and matter fields. One
can define the creation era as an epoch in which the right hand–side of the equation (17)
is positive. In other words, in this era the energy is transferred from the scalar field to the
matter field. Conversely, we label the epoch in which the energy is transferred in opposite
direction, that is from matter field to the scalar field, as the annihilation era. Equation (19),
in addition, shows that the scalar field behaves just like a fluid with the equation of state
p = ρ.
III.2. Qualitative Analysis
To study the dynamical behaviour of the universe according to the equations above, one
can introduce the following dynamical variables
X ≡ a˙
a
, Y ≡ φ˙
φ
and Z ≡ ρ
φ
. (21)
In terms of these new variables, equations (14), (15) and (16) become
X2 = αZ +
ω
6
Y 2 −XY , (22)
X˙ −X2 = −αAZ − ω
3
Y 2 +XY +BS (23)
and
Y˙ − Y 2 + 3XY = 2BCZ − 2BS , (24)
where
α =
8pi
3
, A =
3− 2ω + 3γ
3 + 2ω
, B =
4pi
3 + 2ω
and C = 2− 3γ . (25)
Now, by defining
Q1 ≡ B
α
(
1− 2X
Y
)
, (26)
Q2 ≡ 1 + 2Bω
3α
− 2B
α
X
Y
, (27)
Q3 ≡ 1− B
α
− 2B
α
X
Y
(28)
and
Q4 ≡ B
α
(
X
Y
− ω
3
)
, (29)
and eliminating Z between relations (22), (23) and (24), one gets
X˙ =
(
Q3 − 2Q1Q4
Q2
)−1 [(
Aω
6
− ω
3
+
Q4
Q2
− Bω
6α2
− BQ4ω
6α2Q2
− γω
2α
X
Y
)
Y 2
+
(
1− A+ B
α2
+
3γ
2α
X
Y
)
X2
+
(
1− A− 3Q4
Q2
+
B
α2
+
BQ4
Q1α2
+
3γ
α
X
Y
)
XY
]
(30)
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and
Y˙ =
(
1− 2 Q1
Q2Q3
)−1{[
1
Q2
(
1− BC
3
− Bω
6α2
− 3Bω
6α2
X
Y
)
+
Q1ω
Q2Q3
(
A
3
− 2
3
− B
3α2
− Bγ
2α
X
Y
)]
Y 2
+
[
1
Q2
(
2BC
α
+
B
α2
+
3B
2α2
X
Y
)
+
Q1
Q2Q3
(
2− 2A+ 2B
α2
+
3B(γ + 1)
α2
X
Y
)]
X2
+
[
(
1
Q2
(
−3 + 2BC
α
+
B
α2
+
3B
2α2
X
Y
)
+
Q1
Q2Q3
(
−2A+ 2B
α2
+
3Bγ
α2
X
Y
)]
XY
}
. (31)
These two equations can be used to analyze the universe as a dynamical system. However,
since the dependence of the matter Lagrangian term on the scalar field is not specified, one
can only have a qualitative analysis of the equations by means of γ and ω. It should
be mentioned that one cannot expect this qualitative description to produce exactly the
observed cosmological eras of the universe, since in this analysis, some assumptions, such as
the constancy of the equation of state of the matter field during the evolution of the universe,
have been used which do not manifest the reality. Regarding the definitions of the dynamical
parameters, relations (21), X is the Hubble parameter and so, any exponential expansion
of the universe, such as the inflation phase and the late time acceleration, is represented by
vertical sections of the integral curves. The big bang, on the other hand, corresponds to
X →∞. As examples, the phase portraits of three cases (ω = −1.49,γ = 1),(ω = −1.49,γ =
0) and (ω = 50000,γ = 1) are provided in Figures 1, 2 and 3, respectively. The value of
ω = −3
2
and ω = 50000 correspond to a conformal invariant BD theory [24] and GR limit
respectively.
FIG. 1. The phase portrait for ω = −1.49 and γ = 1.This case shows the evolution of a cold
dust dominant universe and includes both the inflationary phase and late time acceleration of the
universe for different initial conditions
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FIG. 2. The phase portrait for ω = −1.49 and γ = 0.This case shows a dark matter dominant
universe and includes the curves which are manifestation of the late time acceleration
FIG. 3. The phase portrait for ω = 50000 and γ = 1.The phase diagrams show the evolution of a
cold dark matter dominated universe and they demonstrate signs of a late time acceleration phase.
IV. A TYPICAL SOLUTION
To have a typical solution for the model in FLRW framework, let us consider the power
law evolution of the scale factor and the scalar field as an example, that is
φ = φ0t
m (32)
and
a = a0t
n, (33)
and checkout the consequences dictated by our field equations. Consequently, equations (15)
to (17) give:
ρ = ρ0t
m−2 (34)
7
and
S = S0t
−2. (35)
Rewriting equation (34) as:
ρ =
ρ0
t2
tm (36)
and taking into account that ρ0
t2
is the matter density in standard cosmology, it becomes
clear that m > 0 and m < 0 denote the creation and annihilation eras, respectively. It is
worth noting that the parameters a0, φ0, ρ0 and S0 can be considered as the values of the
corresponding quantities at the present time.
By substituting the above relations into the field equations (14) to (17), one gets
n2 =
8pi
3
ρ0
φ0
+
ωm2
6
− nm, (37)
n(n− 1) = −8pi
3
ρ0
φ0
[
3 + ω
3 + 2ω
+
3(γ − 1)ωρ0
(3 + 2ω)φ0
]− ωm
2
3
+ nm+
4piS0
3 + 2ω
, (38)
m(m− 1) + 3nm = 8pi
3 + 2ω
[
ρ0
φ0
− 3(γ − 1)ωρ0
φ0
]− 8piS0
3 + 2ω
(39)
and
(m− 2)ρ0 + 3γρ0n = S0φ0m
2
. (40)
The latter equation can be rearranged as
n = Dm+
2
3γ
, (41)
where D = 1
γ
( s0φ0
6ρ0
− 1
3
).
It’s worth noting that, if one additionally assumes the scalar field ρφ, as well as the
matter field, to obeys the weak energy condition, then according to relation (18), φ0 will
be non–negative. Moreover, as discussed in lines after equation (34), the energy transfer
direction is solely determined by the sign of m. Hence, putting these all together, the right
hand–side of equation (40) implies that S0 should be positive regardless of sign of m. As
a summary, equations (17) and (19) show that the term 1
2
Sφ˙, which is already introduced
as a rate of energy flow between the scalar and matter fields, transfers the energy from the
former to the latter for, m > 0, and in the opposite direction for, m < 0.
The condition for the expansion and an accelerating expansion of the universe can be
obtained by imposing required constraints on n or m in equation (41). However, taking into
account the second law of thermodynamics [25], that is by non–decreasing behavior of the
entropy of matter field, one can conclude m ≥ 0 for an expanding universe.
Tables I to IV and associated Figures 4 to 7 summarize different possible eras in the
evolution of the universe with respect to intervals of m, separately for radiation and matter
dominated epochs.
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m(1/D) Scale factor evolution Matter creation rate
m<− 1/2 Shrinking −
−1/2<m<0 Expanding −
m = 0 Expanding 0
0<m<1/2 Expanding +
1/2<m Accelerating Expansion +
TABLE I. Different phases of a radiation dominated universe with respect to the intervals of m for
D > 0
FIG. 4. Scale factor versus time and m for a radiation dominated universe with D > 0. The dashed
line, m = 0, indicates the borderline between the matter creation and annihilation regions. The
black lines separate different states of the evolution of the universe.
m(1/D) Scale factor evolution Matter creation rate
m<− 2/3 Shrinking −
−2/3<m<0 Expanding −
m = 0 Expanding 0
0<m<1/3 Expanding +
1/3<m Accelerating Expansion +
TABLE II. Different phases of a matter dominated universe with respect to the intervals of m for
the case D > 0
9
FIG. 5. Scale factor versus time and m for a matter dominated universe with D > 0. The dashed
line, m = 0, indicates the borderline between the matter creation and annihilation regions. The
black lines separate different states of the evolution of the universe.
m(1/|D|) Scale factor evolution Matter creation rate
1/2<m Shrinking +
0<m<1/2 Expanding +
m = 0 Expanding 0
−1/2<m<0 Expanding −
m<− 1/2 Accelerating Expansion −
TABLE III. Different phases of a radiation dominated universe with respect to the intervals of m
for the case D < 0
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FIG. 6. Scale factor versus time and m for a radiation dominated universe with D < 0. The dashed
line, m = 0, indicates the borderline between the matter creation and annihilation regions. The
black lines separate different states of the evolution of the universe.
m(1/|D|) Scale factor evolution Matter creation rate
2/3<m Shrinking +
0<m<2/3 Accelerating +
m = 0 Accelerating 0
−1/3<m<0 Accelerating −
m<− 1/3 Accelerating Expansion −
TABLE IV. Different phases of a matter dominated universe with respect to the intervals of m for
the case D < 0
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FIG. 7. Scale factor versus time and m for a matter dominated universe with D < 0. The dashed
line, m = 0, indicates the borderline between the matter creation and annihilation regions. The
black lines separate different states of the evolution of the universe.
V. CONCLUSION
In this manuscript, a CGBD theory, in which a scalar field is non–minimally coupled
to both matter and gravity, has been studied and the corresponding field equations in the
most general form have been derived. A particular solution has been then discussed and
consequences of the non–minimal coupling on the expansion rate of the universe and the
matter creation rate are provided. To be more precise, an accelerating expansion of the
universe in a matter dominated era, that may be put in agreement with the concordance
model and second law of thermodynamics, has been represented by the interval m > 1
3
,
which can be interpreted as a consequence of the transfer of energy from the scalar field to
matter field. Further studies can include different types of solutions for equations such as
exponential solution, different model parameters with different initial conditions and also a
potential term added to the Lagrangian.
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